Abstract. We propose an efficient numerical strategy for simulating fluid flow through porous media with highly oscillatory characteristics. Specifically, we consider non-linear diffusion models. This scheme is based on the classical homogenization theory and uses a locally mass-conservative formulation. In addition, we discuss some properties of the standard non-linear solvers and use an error estimator to perform a local mesh refinement. The main idea is to compute the effective parameters in such a way that the computational complexity is reduced without affecting the accuracy. We perform some numerical examples to illustrate the behaviour of the adaptive scheme and of the non-linear solvers. Finally, we discuss the advantages of the implementation of the numerical homogenization in a periodic media and the applicability of the same scheme in non-periodic test cases such as SPE10th project.
1. Introduction. Non-linear parabolic problems are encountered as mathematical models for several real life applications. Examples in this sense are partially saturated flow in porous media, non-steady filtration, and reaction-diffusion systems. Realistic applications often involve heterogeneous media, which translate into highly oscillatory coefficients and non-linearities. Letting Ω ε be a bounded, possibly perforated domain in R ∂ t b ε (x, p ε (x, t)) − div (K ε (x) ∇p ε (x, t)) = f ε (x, t), in Ω ε T , with suitable initial and boundary conditions.
In this setting, ε is a positive small parameter and denotes the scale separation between the micro-scale (e.g the scale of pores in a porous medium) and the macroscale (e.g the Darcy scale, the scale of simulation in case of heterogeneous media). With the superscript 0 < ε 1 we indicate that the quantities involve highly oscillatory features and the medium is considered highly heterogeneous. Equation (1.1) can for example represent the non-dimensional Richards' equation after applying the Kirchhoff transformation and without taking into account gravity effects (see [7] ). In this case, the primary unknown p ε (x, t) is the transformation of the fluid pressure. For simplicity p ε (x, t) will be called pressure in what follows. The given data include the source f ε , the absolute permeability matrix K ε and the volumetric fluid saturation b ε , which is a given function of p ε . The development of numerical methods capturing the interaction between scales relies on high computational costs. The use of classical schemes over fine-scale meshes has often unreachable requirements. To capture the oscillations in the medium the required mesh size would be very small compare to ε. In this sense, the standard numerical methods will either fail or become inefficient.
In consequence, there is a significant set of techniques for handling simulations that involve two or more scales in space and time. During the last years, approaches like the multi-scale finite-volume (MSFV), the algebraic dynamic multilevel (ADM) and the heterogeneous multi-scale (HMM) methods are becoming more and more relevant. Concretely, the MSFV and ADM methods proposed in [21, 22, 25] aim to solve problems involving different scales by incorporating the fine-scale variation into the coarse-scale operators. The multi-scale finite volume method (FVM) proposed in [22] is extended in [21] by including a dynamic local grid refinement method to provide accurate and efficient simulations employing fine grids only where needed. We highlight that the MSFV and ADM use a section of the fine-scale feature to construct the macro-scale solution without estimations of the macro-scale parameters. On the other hand, the HMM (see [3, 40] ) relies on coupled macro and micro-scale solvers using homogenization (see [26] ). This method takes advantage of the scale separation and is based on the numerical approximation of the macro-scale data. In [1, 2, 3] ideas on how to manage different scales in an efficient computational way are developed, using the standard finite element method (FEM). Further, the numerical computations using finite difference and discontinuous Galerkin method also demonstrate the potential of this framework in [18, 40] .
Recently, many other works have proposed improved multi-scale methods to simulate non-linear single-phase and multi-phase flow. Among the recent literature, we emphasize the approaches in [5, 6, 23, 37, 41] . An Enhanced Velocity Mixed element method is proposed in [41] to deal with non-matching, multi-block grids and couple micro and macro scale domains. In the same line of research [6, 23, 37] give a computational strategy for the multi-scale dynamics over non-matching grids using mesh refinement and enriched multi-scale basis functions. In [5] , the homogenization theory is combined with domain decomposition to obtain locally effective parameters and solve macro-scale problems.
In this paper, we develop a locally mass-conservative scheme that computes the homogenized permeability field of (1.1) over coarse meshes. In contrast with the papers mentioned before, we avoid the general grids and only use a-posteriori estimators on the macro-scale solvers. We propose a combination of techniques supported in the theoretical framework of the homogenization (see [26] ) for non-linear parabolic equations. This strategy relies on the solution of micro-scale cell problems to calculate averaged parameters that one uses in a macroscopic solver. The focus of this work is to construct an efficient numerical strategy to approximate the solution of a nonlinear and homogenized macro-scale model. It is important to remark that, despite the assumptions of periodicity that are needed in the classical homogenization theory, the advantages of this upscaling technique can be exploited even in the case of a non-periodic medium.
We apply the backward Euler (BE) method for the time discretization and the mixed finite element method (MFEM) for the spatial discretization. In order to solve the fully discrete formulation of (1.1), non-linear solvers are required. We discuss the applicability of classical iterative solvers like Newton or Picard (see [8, 17] ) and we detail the formulation of a robust fixed point method called L-scheme proposed in [31] .
This linearization procedure has the advantage of being unconditionally convergent. More exact, the convergence of the L-scheme is neither affected by the initial guess nor by the mesh size. Nevertheless, the convergence rate of the L-scheme is only linear and therefore slower compared to the Newton scheme (see [33] ). We mention [28] for an approach combining the L and the Newton schemes in an optimized way. There, the L-scheme is applied to provide a suitable initial point for the Newton scheme. We use this strategy to improve the convergence of the scheme up to the quadratic convergence. We also refer to [29] for a modified L-scheme featuring improved convergence (compared to the L-scheme) and scalability properties (compared to Newton and Picard).
For time dependent problems the idea of adaptive meshes is very useful to localize the computational error. On the other hand, reaching finer meshes becomes computationally expensive because it requires extra calculations of the macro-scale parameters. The finer the mesh for the upscaled model, the higher the computational effort as the effective parameters need to be computed in more points, thus more cell problems need to be solved. For this reason, we present an a-posteriori estimator that indicates when the numerical solution and the effective parameters should be recomputed. With this strategy we aim to control the convergence rate of the numerical scheme and to avoid unnecessary computations of the local problems.
The main idea in this work is to exploit the advantages of the homogenization theory, adaptive mesh refinement and linearization procedures to obtain an efficient multi-scale solver for non-linear parabolic problems. The paper is organized as follows. In Section 2 the details of the model, the geometry and the discrete formulation are given and the necessary assumptions are stated. Section 3 gives a brief summary of the standard procedure of the homogenization for a parabolic case in a periodic porous media. There we also state the mixed and fully discrete formulation of the upscaled problem. In Section 4 the adaptive technique based on a-posteriori error estimators is introduced and in Section 5 the L-scheme is described. Finally, in Sections 6 and 7 we discuss numerical tests in the quasi-periodic and non-periodic case and some conclusions.
2. Model formulation and discretization. We consider the following nonlinear parabolic problem, which appears on models of single-phase flow through a porous media (2.1)
Here Ω ε is a bounded domain in R d (d = 2, 3) with boundary ∂Ω ε . We denote Ω ε T := Ω ε × (0, T] and let n being the unit normal pointing outwards of Ω ε . Using the superscript ε > 0 we emphasize on the fact that rapidly oscillating characteristics are involved. For example, the domain either involves characteristics changing within ε-sized regions, or it may include perforation (like a porous medium).
Throughout this paper we use common notations from the functional analysis. By L p (Ω ε ) we mean the space of the p−integrable functions with the usual norm. We let ·, · represent the inner product on L 2 (Ω ε ). For defining a solution in a weak sense we use the space
We make the following assumptions: (A1) The function b ε (x, ·) is non-decreasing, and
for all x ∈ Ω ε and p 1 , p 2 ∈ R. (A3) The permeability function K ε : Ω ε → R d×d is symmetric and continuous for all x ∈ Ω ε . Further, the constants β, λ > 0 exist such that
. A weak solution for the problem (2.1) is defined as
We refer to [4] for the existence and uniqueness of the weak solution of the above problem. As a consequence one can also prove that
Mixed formulation.
In order to construct a robust and locally conservative scheme we consider the mixed formulation of (2.1). By defining u ε (x) as the Darcy velocity, the unknowns (
. It can be proved that the mixed variational formulation (2.2) is equivalent to the conformal formulation (2.1). We refer to [32] for the proof in both continuous and semi-discrete cases.
The non-linear fully discrete problem.
To define the discrete problem we let T h ε be a triangular partition of the domain Ω ε with elements T of diameter h ε T and h ε := max
N ∈ N is a partition of the time interval [0, T] with constant step size ∆t = t i+1 − t i , i ≥ 0. For the discretization of the flux u ε we consider the lowest-order RaviartThomas space V h ε := RT 0 (T h ε ) and for the pressure p we use the discrete subspace of piecewise constant functions W h ε (see [10] ):
The fully discrete mixed finite element formulation of the problem (2.1) is
h ε is the L 2 -projection of the initial condition p I over the mesh T h ε . For simplicity we omit writing the x argument in b ε (x, p ε ), which becomes now b ε (p ε ). Here we assume that a solution to the discrete problem (2.3) exists and is unique. For details about this we refer the reader to [32, 35] .
Note that the discrete problem (2.3) is non-linear, therefore a non-linear solver is needed. This is detailed in Section 5.
3. Two-scale approach: Periodic case. Consider Ω ε as a bounded domain in
with Lipschitz boundary. We call micro-scale the region Y where the parameters change rapidly. In other words, the parameters and non-linearities take different values inside of Y (see Figure 1 ). In the extreme case, the micro-scale Y can be viewed as a perforated region with a pore space and a solid grain (see e.g [26] ). Here we give the ideas for a non-perforated domains but this can be adapted straightforwardly to perforated ones.
At the micro-scale Y and the macro-scale Ω ε we assume characteristic lengths and L respectively. The factor ε := L denotes the scale separation between the two scales. To identify the variations at the micro-scale we define a fast variable y := x ε . For each macro-scale point x ∈ Ω ε we use one micro-scale cell Y to capture the fast changes in the parameters. In the non-dimensional setting, we assume that Ω ε can be written as the finite union of the local cells Y = [0, 1] d . To be specific, we let i ∈ Z d and Ω ε = ∪ ε( i + Y ) | i ∈ I ε for some set of vector indices I ε and the outer boundary of Ω ε is ∂Ω ε . In order to formulate a homogenized problem, we make the following assumptions: (B1) There exists a function b :
ε ) where K(x, y) is symmetric and continuous for all (x, y) ∈ Ω ε ×Y and K(x, ·) is Y -periodic. Further, the constants β, λ > 0 exist such that
Remark 3.1. Assumptions (B1) and (B2) are made in order to use the periodic homogenization theory for developing the multi-scale approach (see [20] ). On the other hand, the assumptions (A1) to (A4) are required to formulate Theorem 3.2 (see [4, 12, 30] ).
3.1. The homogenization approach. A direct numerical approximation of the problem (2.3) requires the usage of an extremely fine mesh to capture all the changes in the characteristics of the medium. In the following we consider an alternative approach and compute an effective model involving only the essential variations of the permeability matrix. Alternative approaches have also being considered, we refer to [36] for one involving the harmonic average of the parameters. Such techniques are rather suited for particular cases, e.g stratified media. However, our target is wider and the technique used here is mathematically consistent. We refer to [20, 26, 39] for a detailed presentation of the homogenization method.
Here, we restrict the presentation to the minimum needed for explaining the approach. We assume that all quantities satisfy the homogenization ansatz theory. For example p ε can be formally expanded as power series in ε as
where y = x ε stands for the fast variable, x is the slow variable and each function
Additionally, the two-scale gradient and divergence operators become
Using (3.1), the two-scale operators and since b(x, y,
Equating similar terms in ε one gets that p 0 = p 0 (x, t) does not depend on y and is in fact the macro-scale approximation of the pressure p ε (x, t). To determine p 1 as a function of p 0 , for the terms of order O(ε −1 ) we can write
∂p0(x,t) ∂xj ω j (x, y) where the functionp 1 is an arbitrary function of x and ω j are the Y -periodic solutions of the following micro-cell problems
Here {e j } d j=1 is the canonical basis of dimension d. To guarantee the uniqueness of the solution we assume that ω j has the average 0 over the micro cells, that is,
To simplify the notation in the following we use p instead of p 0 for the macro-scale approximation of the pressure p ε . Recalling the boundary conditions on the microscale, the terms of order zero in (3.2) and averaging over Y one obtains the following homogenized problem
The effective permeability K : Ω → R d×d has the elements
The upscaled saturation and source are
The difference between the original problem (2.1) and the approximated problem (3.4) is subtle. In the original problem, the main characteristics are present at all scales, in the complex domain and in a strongly coupled manner. The homogenized model instead involves only essential variations at the macro-scale. However, to determine the value of the permeability tensor at a macro point x ∈ Ω, one has to solve d micro-cell problems (3.3) associated with that macro point. Note that these problems reflect the rapidly oscillating characteristics and are decoupled from the macro-scale variations. From a computational point of view, the importance of this decoupling becomes obvious. Instead of solving the full problem, one solves a collection of simpler problems. In general, analytic solutions are not available to compute the homogenized parameters. Then K , b and f must usually be computed numerically and can therefore only be obtained at discrete points of the domain Ω. This strategy was also used in [1, 3, 5] .
Concerning the existence and uniqueness of the weak solution of the homogenized problem (3.4) we use the assumptions (A1) to (A4) and assumptions (B1) and (B2) and refer to [4] . More precisely if there exists a constant θ > 0 such that, for every δ and R with 0 < δ < R there exists C(δ, R) > 0 such that
for all x ∈ Ω ε , y ∈ Y and ρ 1 , ρ 2 ∈ [−R, R] with δ < |ρ 1 |, then the strong convergence of p ε to p is showed in the following theorem (see [12, 27, 30] for the proof). Following the ideas mentioned in Section 2, defining u(x) as the upscaled Darcy velocity, the upscaled unknowns
Remark 3.3. If the original permeability K ε satisfies (B2) then the effective tensor K is also symmetric and positive definite. Nevertheless, in the case of an initial isotropic medium the effective permeability can contains anisotropies, (e.g the tensor could be non-diagonal). However, in this case the non-diagonal components of K are neglectable and the diagonal elements are similar.
The non-linear discrete problem associated with the homogenized formulation (3.5) is defined in the following.
3.2.
The non-linear fully discrete homogenized problem. Let T H be a coarse-triangular partition of the domain Ω with coarse elements T of diameter H T and H := max T ∈T H H T . For the discretization of the flux u we consider the lowest-order Raviart-Thomas space V H := RT 0 (T H ) and for the pressure p we use the discrete subspace of piecewise constant functions W H (see [10] 3.3. Micro-cell problem and micro-scale discretization. As mentioned before, the effective parameters must be computed at each integration point on the coarse triangulation T H . The effective tensor K depends on the solution of the micro cell problems (3.3). To solve (3.3) we use the same MFEM scheme as for (3.4) .
To approximate the solution of (3.3) we use a triangular decomposition T h of the micro-scale domain P ⊆ Y with micro-scale mesh size h. For each integration point x ∈ T and T ∈ T H , the discrete micro-cell problem is
for all q h ∈ W h , v h ∈ V h and j = 1, . . . , d.
After solving (3.7) we can compute the discrete effective permeability:
· e i dy and use it to solve the discrete problem (3.6). Note that these cell problems only need to be solved initially, or when the mesh changes.
Adaptive numerical homogenization.
The standard homogenization theory applies for periodic media although its extension to random media is well understood (see e.g [2] ). In practical cases, one does not have any structure in the oscillations of the data. Nevertheless the computation of macro-scale parameters remains a suitable idea. We propose to solve the micro-cell problems (3.7) and compute the macro-scale parameters over a coarse mesh defined by the user. This procedure consists in two steps:
• The macro-scale partition: Define a macro-scale division of the domain Ω with elements Q k , (k = 1, 2, . . . , m), where m is the total number of coarse cells.
• The micro-scale domains: Solve the micro-cell problems (3.7) over each coarse element Q k . Note that Q k determines a micro-scale domain and there we define a micro-scale mesh size h. The upscaled permeability that belongs to each region Q k highly depends on the choice of h. Subsequently one can mesh the macro-scale domain and solve the homogenized problem (3.4). In Figure 2 we show the configuration of the macro and micro-scale partition and the procedure described previously. Note that neither the macro-scale partition nor the micro-scale mesh needs to be uniform. 4.1. A-posteriori error estimates. In the following we propose a four-step strategy to localize the error of the numerical solution of the homogenized problem. For this reason, it is necessary to compute a local error estimator η T at each element T ∈ T Hn . Choosing an error estimator η n T highly depends on the features of each numerical method, the approximation, the post processing strategy, the implementation etc. Nevertheless, we refer to [14] , where the equivalence between different a-posteriori error estimators is analysed.
In the error control based on averaging technique [13, 15] the idea is to estimate the error based on a smoother approximation to the discrete solution u n H . We define a global error estimator η Ω and an average operator A z
where w z := int (∪ {K ∈ T Hn : K ∩ T = ∅, z ∈ T }) is the patch corresponding to the point z ∈ Ω. It has been proven (see [13] ) that the error
for any continuous and piecewise polynomial v. Then an upper bound of η Ω can be computed as
o.t for some C > 0 independent of the mesh size. After choosing this estimator and in order to find the optimal macro-scale division to compute the effective parameters, as well as the solution of the homogenized problem (3.4) we will use a mesh adaptivity strategy.
Mesh adaptivity.
We continue with a mesh adaptivity process using the a-posteriori estimator (4.1). Our approach consists of the sequence: Solve -estimate the error -select the cells/triangles -refine the mesh. The mesh refining generates a sequence of triangular meshes (one mesh per time step).
(S1) Solve: The starting point is an initial coarse mesh T H1 and the approximation of the pressure and velocity (p (S4) Refine the mesh: The last step of the refinement corresponds to including new points and re-mesh. Our strategy avoids the possibility of nonconforming meshes. We refine each selected cell in four new cells to compute four new the effective permeabilities. Inside of the new finer cells we re-mesh with the necessary triangles. The outline of the steps (S1) to (S4) is presented in Figure 3 for the 2D case and in 3D the refinement can be done as described in [24] . In Figure 3 we highlight that at every time step it is necessary to make sure that in the new mesh each element corresponds only to one permeability value. That restriction forces us to refine also neighbouring elements and increases the resolution of the numerical solution. With this strategy we allow to have more than one level of refinement, although the homogenization theory only consider two levels. The threshold for the refinement Θ can be chosen depending on the problem. We remark that higher values of Θ remain into coarser meshes and less error control. In the numerical examples we show how the refinement increase the accuracy of the parameters and the upscaled solution.
Linearization.
A popular strategy to solve non-linear problems is Newton's method (see [8] ). The reason to use Newton's method is the quadratic convergence, but we remark that quadratic convergence only arises under certain restrictions and it is only locally convergent. For the Newton method, the initial guess for the iterations must to be close enough to the expected solution for the scheme to be convergent. For all these reasons, we will also use a fixed point iteration scheme, called L-scheme. Although the L-scheme is only linearly convergent, it has unconditional convergence, meaning that it converges to the time-discrete solution regardless of the initial point and it does not involve any derivatives (see [34, 31, 38] 
This leads to an extremely slow convergences in some cases (e.g large L or small ∆t). For this reason in Section 6 we choose a smaller value L = 1 2 max p∈R {∂ p b (·, p)} which still gives convergence (see [28] ). For more results and analysis of the linearization techniques we refer to [31, 28] and therein references.
6. Numerical results. We present two numerical examples in R 2 to illustrate the behaviour of the proposed adaptive homogenization procedure. We first verify our numerical homogenization approach using a manufactured periodic and quasiperiodic media and subsequently use a non-periodic test case. Note that all parameters specified in the following examples are non-dimensional and the pressures are also shifted to lie between 0 and 1. 
Here R is a non-dimensional constant that let us simulate a fast diffusion process. For the time discretization we take T = 1 with ∆t = 0.02.
To solve the problem (5.1) with the necessary resolution to capture the oscillations over Ω the mesh size is restricted to be h ε ε. We use h ε = 5 × 10 −3 to compute the fine-scale solutions (p h ε , u h ε ) when ε = Table 1 shows the history of convergence of the error for different values of ε and three coarse meshes T H without refinement and H h . The relative L 2 -error e H in Table 1 is
where Π h ε (p H ) is the projection of the coarse-scale solution in the fine mesh T h ε . With this result we show that the homogenized solution converges to the solution of the original problem when H → 0 and also when ε → 0.
Nevertheless, in the following we use a modified permeability field to ensure that any assumption of periodicity is necessary. We include in the same domain Ω a high permeability region Ω 1 and a low permeability region Ω 2 where the permeability is 10 −2 and 10 −7 respectively.
In Figure 4 the normalized (quasi-periodic) permeability field is showed for two values of the scale parameter ε. In this case the boundary conditions, the volumetric concentration, the source term and the time discretization remain the same as before. Figure 5 shows four levels of the first component of the effective permeability tensor (K 1,1 ) starting with a coarse grid of 16 × 8 cells. Referring to the different levels of the effective permeabilities is important to remark that the coarse-scale permeabilities are computed in zones that not always match with the initial resolution or periodicity. Here one can notice the influence of neighbouring macro-cells in the numerical solution of the micro problems (3.7). This effect is evident at the boundary of the low permeability zone Ω 2 . To point out this behaviour in the Figure 5 we highlight ε H Relative error (e H ) Table 1 History of convergence of the error for three values of ε and three coarse meshes. with a dashed lines the original location of the low and high permeability areas. The numerical solution of the lineal upscaled problem (5.1) is showed in Figure 6 . The upscaled solution is computed using the mesh adaptivity described in Section 4 using the threshold for the mesh adaptivity Θ = 0.5. At the end of the adaptive process, the relative L 2 -error of the upscaled pressure p Hn is 1.6% using only the 14.7% of the original degrees of freedom. Furthermore, after the adaptivity process we obtain a refined version of the permeability field and Figure 7 shows the result of the refined permeability at t = 1. Concerning the behaviour of the non-linear solver, our test case is an example where the convergence of the Newton's method highly depends of the initial guess. However the convergence of the L-scheme is not optimal; i.e., even though the Lscheme converges we do not want to lose the quadratic convergence of the Newton's method. To compute the solution of the Figure 6 the linear solver using only the L-scheme reaches the threshold δ(p H ) 2 < 10 −10 after an average of 70 iterations. In order to improve the linear solver we use a mixed strategy (see [9, 29] ). The target is to construct an initial solution that suits a non-problematic starting point for the Newton's method. In this case we used the L-scheme until δ(p H ) 2 < 10 −2 and then the classic Newton's method until one reaches δ(p H ) 2 < 10 −10 (see Figure 8) . 6.2. Non-periodic case. Here we consider a highly heterogeneous and nonperiodic medium. We utilize the data of the SPE Comparative Solution Projects [19] . This provides a vehicle for independent comparison of methods and a recognized suite of test datasets for specific problems. Our isotropic permeability field K ε is defined by the top field of SPE10th data set (see Figure 9) . The macro-scale domain is a two-dimensional rectangle (see Figure 9 ). External boundaries are impermeable; i.e., we take no-flux boundary conditions. The domain is initialized with pressure p 0 = 0. A source and a sink are placed in the lower-left and the upper-right corners, having fixed pressures of 1 and 0, respectively.
Moreover, the volumetric concentration is
Here R is defined as in subsection 6.1. For the time discretization we take T = 1 with ∆t = 0.02 and the parameter for the non-lineal solver is L = 1.5
2 . The adaptivity criteria for the dynamic mesh refinement, described in Section 4, is Θ = 0.2. In this case we choose a value of Θ smaller than in subsection 6.1 because we address to capture more changes in the flux and those changes are related with the heterogeneity of the medium. To solve the problem (5.1) with the resolution of Figure 9 we construct a grid with 26.400 elements in a homogeneous triangular mesh (T h ε ). In Figure 10 we show the reference solution (p h ε , u h ε ).
Using a coarse grid of 55 × 15 squares where we compute the first effective permeability field. This coarse grid corresponds to a macro-scale mesh with 1.650 triangular elements. In Figure 11 we show the first component (K 1,1 ) of the coarse-scale permeability field and this distribution is used afterwards to compute the first step of the adaptivity procedure. In Figure 12 we show the difference between the effective permeabilities computed with homogenization and using the harmonic average. The difference between these strategies is higher in zones with high permeability and one can point out that the harmonic average always underestimate the permeability. This is problematic because the high permeability regions are regions where one should increase the accuracy of the effective parameter in order to have better numerical solutions. When we compute the numerical solution of (5.1) using the harmonic average of the permeability the relative L 2 −error of the pressure is 12.3%. Fig. 12 . Difference between the coarse-scale effective permeabilities using homogenization vs harmonic average. Figure 13 shows the numerical solution of the upscaled problem (5.1) using the mesh adaptivity described in section 4. At the end of the adaptive process, the relative L 2 -error of the upscaled pressure p H is 4.72% using only the 16.5% of the original degrees of freedom. Furthermore, using the adaptivity process we obtain a refined version of the permeability field. Figure 14 shows the result of the permeability field after the refinement process.
Finally, in Figure 15 we show the convergence of the norm of the residual δ(p H ) when one use a combination between the L-scheme and Newton's method. Here we use a mixed strategy (see [29] ) to construct an initial solution that suits a nonproblematic starting point for the Newton's method. In this case we use the Lscheme until δ(p H ) 2 < 10 −2 and then the classic Newton's method until one reaches δ(p H ) 2 < 10 −10 and as we see in Figure 15 the quadratic convergence of the newton's method is recovered. 7. Conclusions. We have proposed a numerical scheme based on homogenization to solve a non-linear parabolic equation with highly oscillatory characteristics. The discrete non-linear system is obtained by a backward Euler and lowest order Raviart-Thomas mixed finite element discretization. Our approach utilizes a local mesh refinement that leads to the computation of the effective parameters locally through decoupled cell problems. With this we achieved to improve the accuracy of the solution without compromising the efficiency of the method. The adaptivity is based on the idea that the upscaled parameters are updated only when it is necessary. Moreover, to illustrate the performance we have presented two general examples. We construct a periodic case to show the history of convergence of the error when the scale separation tends to zero. In the non-periodic case we used a benchmark from the SPE10th project and we showed that the homogenization can be used in general cases.
In addition to the aforementioned, we combined the standard Newtons method and the L-scheme to improve the behaviour of the non-linear solvers. We presented a combination of techniques that lead to a very efficient numerical scheme. It is relevant to mention that besides the theory mentioned in this paper the applicability of this strategy is vast. Extensions of our adaptive algorithm including more complex microscale models are applicable. Those include from reactive transport up to moving interfaces affecting the structure of the micro-scale.
